In this paper, we developed a control chart methodology for the monitoring the mean time between two events using the belief estimator under the neutrosophic gamma distribution. The proposed control chart coefficients and the neutrosophic average run length (NARL) have been determined using different process settings. The performance of the proposed chart is compared with the control chart under classical statistics in terms of NARL using the simulation data and real example. From comparisons, it is concluded that the proposed chart is efficient, effective and adequate to be used under uncertainty environment than the chart under classical statistics.
Introduction
The control chart is an important tool of Statistical Process Control (SPC) used in production processes for monitoring the quality of the products and effective in defect prevention. The diagnosis and correction of many production problems which often cause huge loss to the production unit can substantially be improved with the utilization of the effective control chart technique [1] . Once the control chart is established from the initial observations of the interested quality characteristic normally known as the Phase-I control limits and revised according to monitoring parameters with the prime objective of the maintaining the repute of the product in the market and the profit maximization. In the quick monitoring of the quality of the product in this era of fast technology, being used in the production units, a minute delay can result in the production of a huge amount of defective items or items which need reworking. To maintain the production process at the required quality level, the continuous improvement of the production process and the identification of sources of the variation are the prime objectives of any process monitoring scheme [2] . Vigilant monitoring is demanded by the production process to identify the root cause and preventing it from reoccurring of unwanted situation. The Shewhart control charts are technically the most sophisticated tool for monitoring such unusual changes in the processes Montgomery [3] . The tool of a control chart is used for the need of conducting timely corrective action if any abnormality creeps into the production process [4] . Fuzzy transformation methods to determine the tightness of the inspection for the linguist data are a valuable development [5] . The belief estimator has been thoroughly defined and discussed by Fallah Nezhad and Akhavan Niaki [6] . Variable control charts are developed when the characteristic under study is continuous in nature. The best-fitted distribution is the normal distribution for the continuous data when collected in groups or when the form of the distribution is known. In general, Sentürk [22] developed the fuzzy control chart for monitoring the food industry using fuzzy X and S. El-Shal and Morris [23] suggested a fuzzy rule-based algorithm for quality improvement monitoring through control charts. Rowlands and Wang [24] studied the fuzzy logic operation and its functioning in the control chart literature. Gülbay and Kahraman [1] used the α-cut control charts for the tightened inspection of observation for the fuzzy sets. Aslam [25] developed a sampling plan for the Neutrosophic statistics under the process loss index. Senturk and Erginel [26] constructed the fuzzy X− R and X− S charts with the α-cuts. Sentürk [27] developed the fuzzy regression control chart for the α-cut fuzzy numbers. Kaya and Kahraman [28] proposed a fuzzy control chart for process capability analysis based upon fuzzy measurements. Broumi and Smarandache [29] studied the correlation coefficient of the interval Neutrosophic set.Şentürk and Erginel [16] developed a fuzzy exponentially weighted moving average chart for univariate data with a real case application.
As mentioned by Smarandache [30] that the neutrosophic logic which considered the measure of indeterminacy is an extension of the fuzzy logic. The neutrosophic statistics which is based on neutrosophic numbers is the generalization of classical statistics and has been used under uncertainty, see Smarandache [31] and Smarandache [32] . The Neutrosophic statistics is the extension of the classic statistics used to analyze the data of vague, undefined, imprecise, incomplete, and indeterminate nature in opposition to the clear, certain, and crisp observations or parameters in which classical statistics is suitable, (see [32] and [25] ). Due to wide application of the neutrosophic statistics, several authors applied it in various fields. Neutrosophic Statistical Numbers were introduced in [32] , page 11. Chen et al. [33] and Chen et al. [34] introduced the neutrosophic statistical numbers to measure the rock roughness. Aslam [25] introduced the neutrosophic statistical quality control. Aslam [35] proposed a neutrosophic reliability plan. Aslam [36] designed the plan for the exponential distribution using neutrosophic statistics. Aslam [37] presented a neutrosophic attribute sampling plan. Aslam et al. [38] proposed the attribute control chart using neutrosophic statistics. Aslam et al. [39] worked on neutrosophic variance chart. Aslam et al. [40] proposed the chart for the gamma distribution under the neutrosophic statistics. Aslam [41] proposed the plan with measurement error in uncertainty. Aslam and Arif [42] worked on sudden death tests under the uncertainty. Aslam and Raza [43] designed the neutrosophic plan for multiple manufacturing lines. Peng and Dai [44] has given the bibliographic review of the Neutrosophic statistics for the last two decades. Peng and Dai [45] , initiated a new axiomatic definition of single-valued neutrosophic distance measure and proposed a novel measure. More literature on Neutrosophic can be seen in [46] [47] [48] [49] [50] [51] .
In this paper, a control chart scheme has been developed for monitoring the mean time between two events under the neutrosophic statistics using the belief estimator for the NGD which according to the best knowledge of the authors has not been explored by any researcher. It is mentioned here that the proposed chart is reduced to the classical chart when no parameter is obtained as vague, imprecise, indeterminate or incomplete. Gao, Cecati, and Ding [52] provided a sophisticated state-of-the-art overview on data-driven and machine learning based fault detection and diagnosis approaches. The proposed control chart will indicate the change in the process mean and will be helpful to correct the fault during the process. The rest of the paper is organized as: the design of the proposed chart is explained in Section 2. In Section 3 the simulation study of the proposed scheme has been discussed. In Section 4 the application of the proposed chart has been explained by using a real-world example. In the last section, the conclusion of the proposed chart has been described.
The Neutrosophic Gamma Distribution
The neutrosophic gamma distribution (NGD) is introduced by Aslam et al. [40] . 
The NGD is the generalization of the several distributions. The NGD reduces to neutrosophic exponential distribution when a N [1, 1], see [36] . The NGD reduced to exponential distribution under classical distribution when a L = a U and b L = b U . According to Wilson and Hilferty [53] using the transformation of T *
in the NGD tends to form the approximate neutrosophic normal distribution, see Smarandache [32] , with the mean and variance can be described as:
So, the approximate neutrosophic normal distribution of T *
is given as:
Designing of the Proposed Chart
Suppose that a single observation of the quality of interest is collected at every iteration or subgroup with n N [1, 1] then the kth observation of T K N and O K N = T N1 , T N2 , T N3 . . . . . . , T NK be defined as the kth iteration. We define the posterior belief and the prior belief as B O K N and B O K N −1 respectively with
is updated using B O K N and B O K N −1 for the posterior belief using the following equation
The variable T * N is given without the subscript K N just for the purpose of simplicity. Using a new statistic based upon B O K N and B O K N −1 suggested by Fallah Nezhad and Akhavan Niaki [6] given as:
The recursion relation is given as
Let the initial value of B(O 0 ) = 0.5 and Z 0 = 1 then according to Fallah Nezhad and Akhavan Niaki [6] the statistic proposed below follows the normal distribution with mean 0 and variance
Thus the neutrosophic lower and upper control limits of the proposed chart can be written as:
Using the Equations (8) and (
for the specific level of type-I error and the predefined in-control average run length values.
The Proposed Chart
The procedure of the proposed control chart can be summarized using the following steps:
Step 1: Measure the quality characteristic T K N of the kth subgroup selected at random.
Step 2: If LCL N ≤ ln Z k N ≤ UCL N , Declare the process in-control and if ln Z k N > UCL N or ln Z k N < LCL N then the process is declared as out-of-control.
For the purpose of calculating different measures of the in-control and out-of-control processes we suppose that the scale parameter of the gamma distribution is not constant while other parameters, i.e., shape parameter, is declared as a constant parameter. Let b 0N and b 1N be the in-control and the out-of-control values of the shape parameter respectively then the probability of declaring the process as out-of-control when the process is in-control may be defined as where Φ N (x) denotes the cumulative distribution function of neutrosophic standard normal distribution, see Smarandache [31] .
Finally, Equation (11) reduces to
It is to be noted that P 0 out is independent of K N .
Neutrosophic Average Run Length for In-Control Process
As mentioned above the neutrosophic average run length (NARL) is defined as the average number of samples before the process is indicated as the out-of-control. It is used very commonly in the literature of the control chart for the evaluation and the comparison of the proposed control chart [3] . Two types of ARLs has been used by the quality control researchers as the in-control ARL is denoted by ARL 0 and the out-of-control is denoted by ARL 1 [54] . More literature on ARL can be seen in references [55] [56] [57] [58] [59] [60] [61] [62] .
The NARL 0 of the proposed chart can be calculated as
Neutrosophic Average Run Length for Shifted Process
Now we develop the procedure for the shifted process. Here we suppose that a shift in the scale parameter of the gamma distribution is introduced to observe the efficiency of the proposed scheme in quick detection of this shift. It is to be noted that the NARL of the in-control process (NARL 0 ) is some predefined value of 200, 300, and 370 based upon the false alarm rate which is larger values while NARL of the shifted process (NARL 1 ) should be smaller values for the more efficient proposed chart. Now let b 1 = sb 0 is the shift in the scale parameter of the gamma distribution with a shift constant is s. Then the mean and variance of the T * N T * L , T * U fort the shifted process can be determined as:
Then the mean and variance of ln Z k N at b 1N can be calculated as:
The probability of shifted process to declare as an out-of-control process at kth subgroup is calculated as:
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Finally, we have
The probability of declaring out-of-control at (k + j)th subgroup when the process shift occurs at k is expressed as
where RL is a random variable representing NARL 1 .
Therefore, ARL 1 under the proposed control chart is given as:
Note here that the formulae in Equation (1) to Equation (21) under the neutrosophic statistics is the generalization of the formulae in Aslam et al. [63] .
To determine the control coefficient L N , NARL 0 denoted by (r N0 )and the NARL 1 using the above-mentioned methodology, the following stepwise algorithm can be described as:
Step 1: Choose a range of control coefficient L N Step 2: Calculate L N such that ARL 0N ≥ r N0
Step 3: For a fixed level of k N and various shift constants s calculate P 1 out,k N using Equation (19) . 
Advantages of the Proposed Chart
For the data having some ambiguous observations, Chen et al. [33] mentioned that the method which provides the parameters in an indeterminacy interval is said to be more efficient and effective to be applied than the method which provides the determined value of the parameters. Related to the control chart theory, a control chart which provided the smaller values of NARL is called the efficient control chart, see Aslam et al. [38] . Now we discuss the advantages of the proposed control chart over the control chart proposed by Aslam et al. [63] under classical statistics. [8, 8] . From Table 5 , it can be noted that the proposed control provides the values of NARL in the indeterminacy interval while the existing control chart proposed by Aslam et al. [63] provides the determined values of ARL. For example, when s = 1.50, the indeterminacy interval from the proposed chart is NARL = 14.77 + I14.77; I [0, 0.4122]. The value of ARL from [63] chart is 20.76. It means that when s = 1.50, the control chart will be out-of-control between 14th and 20th sample. By comparing both the control chart, it is concluded that the proposed control chart under uncertain situations is more effective than the control chart proposed by Aslam et al. [63] . 
By NARL

By Simulation
Control charts are used for monitoring the process for unusual changes in the process. The proposed scheme has been developed for the efficient monitoring of the mean time of the process under uncertainty environment. The proposed control chart has been examined using the simulation data of the mean time between two events. The first 20 neutrosophic observations are generated from the neutrosophic gamma distribution with neutrosophic parameters K N = [3, 5] ARLN 1 [24.76, 13 .98]. It is expected that the process will be out-of-control between 14th sample and 24th sample. We plotted the values of statistic ln Z k N on the control chart in Figure 1. From Figure 1 , it is clear that the first shift is at the 38th sample. The values of ln Z k N are also calculated for Aslam et al. [63] and plotted in Figure 2 . From Figure 2 , we note no shift indication in the process. By comparing both control charts, it is concluded that the proposed control chart provides the values of NARL in indeterminacy interval and gives the quick indication about the shift in the process as compared to the existing sampling plan. A quick indication in the shift in the process helps industrial engineers to identify the cause of variation which resulted in minimizing the non-conforming items.
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Real Example
The application of the proposed control will be given in the healthcare department. Healthcare practitioners are interested in applying the proposed control chart for the monitoring of urinary tract infections (UTI) among male patients in a large hospital. A similar study was done by Santiago and Smith [64] and Aslam et al. [63] using classical statistics. The UTIs data is measured with the help of measurement devices. Therefore, there is a chance that observations are more fuzzy or imprecise. Under this uncertainty situation, the application of the existing control chart under classical statistics may mislead healthcare practitioners in monitoring the UTIs. Therefore, the proposed control chart is quite reasonable to apply for the monitoring of the UTIs infection. The neutrosophic data, which follows the gamma distribution with [1.95, 2.05] and [2, 2.2] is reported in Table 6 . 
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The control limits are calculated as follows:
We set the initial value of Z 0 = 1 and B(O 0 ) = 0.5. As, 54.568] . The values of neutrosophic statistic ln Z k N are plotted in Figure 3 . From Figure 3 , we note although the process is an in-control state, the 16th sample and 33rd sample are near the control limits which indicate some issue in the process. The values of ln Z k N under classical statistics are also plotted in Figure 4 . From Figure 4 , it can be seen that only one point is near to control limit. By comparing both charts, it is concluded that the proposed control chart indicates that there is some issue in the process which should be identified. Therefore, the proposed control is more beneficial to be applied for the monitoring of UTIs inspection among male patients. Table 6 . The data for a real example.
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Conclusions
In this article, a control chart for the belief statistic under the gamma distribution has been presented when the interested quality characteristics of the process are imprecise, incomplete and vague. Although there are numerous techniques available in the literature like the fuzzy logic the proposed scheme is effective in dealing with vague information. The control limits have been 
In this article, a control chart for the belief statistic under the gamma distribution has been presented when the interested quality characteristics of the process are imprecise, incomplete and vague. Although there are numerous techniques available in the literature like the fuzzy logic the proposed scheme is effective in dealing with vague information. The control limits have been determined for different settings of the parameters and different levels of process shifts. In this paper, the average run lengths for many settings of the proposed technique have been tabulated. The comparison of the proposed chart with the existing chart for different process shifts have been tested and it has been observed that the proposed chart is an effective addition in the toolkit of the quality control experts. We conclude that the proposed control is more robustness in detecting cause of variation in the process than the chart under classical statistics in uncertainty. The proposed chart can further be extended for other probability distributions, see, for example, references [65] and [66] , particularly for the multivariate case. 
